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We will show that for any integer n G 0, the automorphism group of an abelian
p-group G, p G 3, contains a unique subgroup which is maximal with respect to
being normal and having exponent less than or equal to pn. This subgroup is
P l Fix pnG, where P is the unique maximal normal p-subgroup of Aut G, and
n  < < n 4Fix p G s a g Aut G a s 1 . An application of this result extends earlierp G
results on how to find the finite Ulm invariants of a reduced abelian p-group from
p G 5 to all odd primes. Q 1998 Academic Press
1. INTRODUCTION
Throughout, p is an arbitrary fixed prime number and G is an abelian
w xp-group. For abelian groups we will use the notation of 2 . For arbitrary
w xmultiplicative groups, we refer the reader to 11 . In particular, given a
m  m :group N and an integer m G 0, we let N s x ¬ x g N , and we will
say that N is m-bounded if N m s 1. Given an integer m G 1, we will call
a subgroup N of a group K a maximal normal m-bounded subgroup of K
if N is a maximal element in the partially ordered set of all subgroups of
K which are both normal and m-bounded. As is customary, if X is a
 .p-group written multiplicatively and n G 0 is an integer, one defines
 .  p n :  w x.V X s a g X ¬ a s 1 cf. 6, p. 324 . Denote P as the uniquen
maximal normal p-subgroup of Aut G. If X is a group which contains a
unique maximal normal pn-bounded subgroup for each n G 0, then de-
 . nnote P X as the unique maximal normal p -bounded subgroup of X.n
 . When X s Aut G, p G 3, we will write P s P Aut G cf. Theoremn n
.  < <1.1 . Also, when H is a subgroup of G, define Fix H s a g Aut G a sH
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It is a curious fact that in the study of automorphism groups of abelian
p-groups, some results hold for primes of five or larger but fail or are
unknown for p s 2 or p s 3. One such result is the Freedman]Leptin
w xLemma 1, 8 . The lemma has been used in several works regarding
 .automorphism groups of abelian p-groups and can be stated as V P sn
P s P l Fix pnG, provided p G 5 and G is reduced. Unfortunately,n
 .  w x.when p s 2 or p s 3, V P is not always equal to P cf. 8 . However,n n
it is now known that the remaining equation, P s P l Fix pnG, doesn
hold true for all odd primes. Thus, we have the following weakening of the
Freedman]Leptin Lemma for odd primes.
THEOREM 1.1. If G is an abelian p-group, p is an odd prime, and P is
the unique maximal normal p-subgroup of Aut G, then for any integer n G 0,
P l Fix pnG is the unique maximal normal pn-bounded subgroup of Aut G.
In this paper we shall discuss the proof of the following equivalence to
Theorem 1.1.
THEOREM 1.2. Let p be an odd prime number, G an abelian p-group, and
N a normal subgroup of Aut G. Then for any integer n G 0, N p n s 1 if and
only if N : P l Fix pnG.
w xIn 1960, H. Leptin proved 7 that it is possible to find the finite Ulm
invariants of an abelian p-group, p G 3, from the group's automorphism
group. However, Leptin's result was not constructive. It was Hausen who,
in 1977, presented a method for how the finite Ulm invariants could be
found from the group's automorphism group. Hausen's proofs were valid
for reduced abelian p-groups with p G 5, but is was not known whether
her method would work for the two smallest primes. In Section 4 of this
paper we will apply Theorem 1.1 to extend Hausen's method to all odd
primes.
There are examples which show that both directions of Theorem 1.2 fail
for p s 2. Still, one might hope that unique maximal 2 n-bounded sub-
groups exist in Aut G, but have a different description from P l Fix 2 nG.
 .  .The fact that Aut Z 2 [ Z 4 is isomorphic to D and that D , the8 8
dihedral group of order 8, contains two distinct maximal normal 2-bounded
subgroups lays these hopes to rest.
2. PRELIMINARIES
Throughout, we will write our maps on the right of the elements. We
restate the following definitions for convenience. Let S and D be subsets
of the endomorphism ring End G of G. Then
 4C D s s g S ¬ sd s ds for all d g D , Z S s C S . .  .  .S S
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Let H F K be subgroups of G. Denote Fix KrH as the set of all
automorphisms of G that induce the identity mapping in KrH.
Let G have length l. For an ordinal 0 F m - l, the mth Ulm factor of
G is
m w x mq1 w xU G s p G p rp G p . .m
 .Then U G is a vector space over the prime field of characteristic p. Them
 .  .mth Ulm invariant of G is the dimension of U G and is denoted by f Gm m
w xor f . The Pierce radical of End G 9, p. 286 is defined asm
n w x nq1P s « g End G ¬ p G p « F p G for all integers n G 0 . 4
Denote P as the ideal consisting of the torsion elements of P, that is, thet
set of all elements of finite additive order. Then P is a p-group undert
 4addition. If I is an ideal of End G, define 1 q I s 1 q « ¬ « g I as the
coset of 1 modulo I.
w xIn 1971, Hausen described P for an arbitrary p-group with p G 5 3 .
Recently, this description has been extended to p s 3 and was modified to
w xinclude p s 2 in the following manner 5 .
 .THEOREM 2.1 Hausen and Schultz . Let p be a prime, let G be an
abelian p-group, and let P be the maximal normal p-subgroup of the
 .automorphism group of G. Then P s 1 q P = z where z denotes thet
maximal p-subgroup of the center of Aut G. Thus, P s 1 q P if p G 3, andt
 .  :P s 1 q P = y 1 if p s 2.t
The following result is part of the Freedman]Leptin Lemma. Its proof
w xcan be found in 8 .
LEMMA 2.2. Let G be an abelian p-group with p an odd prime, and let
 . na s 1 q h g Aut G l 1 q P . For any integer n G 0, if a g Fix p G then
a p
n s 1.
2.3. Let B s B [ B [ ??? be a basic subgroup of the abelian p-group1 2
 l.G, where B ( [ Z p . Let k, n, and m be integers with k, m G 0 andl Il  . nk q m ) 0, and let H s [ B q p G for a natural number n. Thenn ii) n
w k x mq 1 w k xG s B [ ??? [ B [ H and H p s p H p .1 kqm kqm kqm kqm
w xProof. This can be verified from 2, Vol. I, pp. 137]138, Theorem 32.4 .
3. PROOF OF THEOREM 1.2
The following proposition is the most difficult aspect of proving Theo-
rem 1.2. The entire proof is too lengthy and technical to be contained in
this paper. An outline will be given below.
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PROPOSITION 3.1. Let n be a natural number. Let N be a normal
subgroup of Aut G with N : P l Fix pnq1G and N ­ Fix pnG. Then N p n
/ 1.
 :Outline of Proof. Let B s [ a s B [ B [ ??? be a basic sub-i 1 2ig I
 :  l.group of G, where B s [ a ( [ Z p . For an element g g G,l iig I Il l .   ..  .define exp g s log order g , and for each i g I define e s exp a ,p i i
 .  4 q i.  .q i s max 2n q 1, e , J s D I , and use 2.3 to decompose G intoi i ks1 k
3.2 G s B [ ??? [ B [ ??? [ B [ H . . 1 e q i. q i.i
Let d s 1 q « g N _Fix pnG and for each i g I write
3.3 a « s h q m a with h g H . . i i i j j i q i.
jgJi
w xAccording to 2, Vol. I, pp. 137]138, Theorem 32.4 , G s B q pG. By
n nq1 n n  . n nhypothesis, p « / 0 s p « , so that Gp « s Bp « q pG p « s Bp « / 0.
This implies that there exists i g I such that pna « / 0. In particular,i
 .  .using 3.2 and 3.3 ,
pnh / 0 or pnm a / 0 for some j g J .i i j j i
We will deal with these two instances and break down the instance of
pnm a / 0 according to whether j s i, e F e , or e ) e .i j j j i j i
Case 1. There exists i g I such that pnh / 0. By hypothesis pnq1« s 0,i
nq1 w nq1 x  . w nq1 xso that p h s 0 and h g H p . By 2.3 , H p si i q i. q i.
q i.yn w nq1 x nq1 w nq1 x  .p H p F p H p since q i G 2n q 1; hence h gq i. q i. i
pnq1G. By hypothesis, N : Fix pnq1G so:
3.4 for any b g N , h b s h . . i i
Define an automorphism g as follows: g ¬ s 1 and g ¬ s 2.B [ ? ? ? [B H1 q i. q i.
Define a s gy1 dg dy1. Due to the normality of N, a g N. Alpha's action
y1  . y1  . y1on a is a a s a dg d s a q h q  m a gd s a d q h di i i i i jg J i j j i ii
 .  .s a q h . The last equality is due to 3.4 . Also from 3.4 , h a s h , soi i i i
that for any integer m, a a m s a q mh . In particular, a a p n s a q pnhi i i i i i
/ a , and we have found an element a in N such that a p
n
/ 1.i
Case 2. There exists i g I and j g J such that pnm a / 0, i / j, andi i j j
e F e . Define an endomorphism w of G as follows: a w s peiye j a ,j i j i
a w s 0 for l / j and l g J , and H w s 0. Define g s 1 q w. Sincel i q i.
w 2 s 0, g is an automorphism with gy1 s 1 y w. Define a s gy1 dg dy1
and observe that because N is normal, a g N. It can be shown that
a p
n
/ 1. The details are technical and will be omitted.
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Case 3. There exists i g I and j g J such that pnm a / 0, i / j, andi i j j
e ) e . Define an endomorphism w of G as follows: a w s a , a w s 0 forj i j i l
l / j and l g J , and H w s 0. Define g s 1 q w. Since w 2 s 0, g is ani q i.
automorphism with gy1 s 1 y w. Define a s g dy1gy1 d and notice that
a g N due to the normality of N. A lengthy technical argument which is
omitted can now be used to show that a p
n
/ 1.
Case 4. There exists i g I such that pnm a / 0. Having proven Casesi i i
1]3, we may assume that for each j g I, pna « s pnm a . These assump-j j j j
tions are strong enough to guarantee that d p
n
/ 1. The proof will be
omitted.
Proof of Theorem 1.2. Theorem 2.1 and Lemma 2.2 imply that P l
Fix pnG is pn-bounded. This establishes the if portion of the theorem.
If N is a normal subgroup of Aut G and N p
n s 1, then N is a normal
p-subgroup and must be contained in P. Suppose that N ­ Fix pnG. Let
d s 1 q « g N _Fix pn . By Theorem 2.1, « has finite additive order, sayG
pk, with k ) n. Let m s k y 1 G n and let M be the normal subgroup
generated by d in Aut G. Note that d f Fix pmG. Also, N and Fix pmq 1G
are normal subgroups containing d , so they both contain M. Thus,
contrary to Proposition 3.1 we have found a normal subgroup, M, of Aut G
such that M : P l Fix pmq 1G, M ­ Fix pmG, and M p m s 1 s M p n. This
contradiction proves the only if part of the theorem.
4. AN APPLICATION: ULM INVARIANTS
In this section we extend Hausen's method for finding the finite Ulm
Invariants of a reduced abelian p-group from the group's automorphism
w xgroup 4 to include all odd primes.
Given a group X subject to certain restrictions, we shall define for each
Ã  .integer k G 0 a characteristic subgroup C X by purely group theoreticalk
 .means cf. Definition 4.7 . When X s G is the automorphism group of a
reduced abelian p-group, p G 3, G will meet the aforementioned restric-
Ã  .  .tions. When p G 5, for each k G 0, C G is the same subgroup as C Gk k
w x wdefined in 4, p. 26, 6.12 . The following theorem, analogous to 4, p. 26,
x6.14 , will be proven.
THEOREM 4.1. Let G be the automorphism group of a reduced abelian
p-group, p G 3, and let P be the maximal normal p-subgroup of G. Let fk
denote the k th Ulm in¨ariant of G. Then
Ã Ã Ã ÃC G F C G F ??? F C G F C G F ??? .  .  .  .0 1 k kq1
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is an ascending sequence of characteristic subgroups of G and, for e¨ery
integer 0 F k,
GL f , p if P p
k
/ 1, .kÃ ÃC G rC G ( .  .kq1 k kp PGL f , p if P s 1. .k
 .The Ulm invariants can then be determined from GL f , p andk
 . w xPGL f , p 4, pp. 22]23 .k
w x wAt the time Hausen published 4 , the following three results found in 4,
x2.4 had been proven only for p G 5:
n4.2 P s Fix U G l Fix p G ; .  .F Dn
0Fn-v 0Fn-v
4.3 for each integer k G 0, V P s P l Fix pkG; .  .k
4.4 for m G 0 an integer, pmq 1G / 0 if and only if P p m / 1. .
w x  .  .A close examination of 4 reveals that if 4.2 ] 4.4 could be proven for
p s 3, the remaining results would be valid for p G 3. The question is, can
 .  .4.2 ] 4.4 be extended to p s 3?
 .Theorem 2.1 answers the question for 4.2 in the affirmative. We now
 .prove 4.4 .
LEMMA 4.5. Let G be a reduced abelian p-group with p an odd prime, and
let m G 0 be an integer. Then
pmq 1G / 0 if and only if P p
n
/ 1.
mq 1  . mProof. If p G s 0, then Fix U G s Fix p G and P s P lm
m  . p mFix p G from 4.2 , and Theorem 1.2 gives P s 1. This proves the if
portion of the lemma.
For the only if portion of the lemma, assume that pmq 1G / 0. Then
 :  . kthere exists an element b g G such that G s b [ H and o b s p
w xwith k ) m q 1 2, Vol. I, p. 117, Corollary 27.2 . Define an endomor-
wphism « by b« s pb and H« s 0. Then 1 q « g 1 q p End G F G 8, p.
x  .  .n 102 and 1 q « g P from 4.2 . For any integer n G 0, b 1 q « s 1 q
.n  . w xp b. Using part 2 of the lemma in 10, p. 68 with n y 1 s k y 2,
 . p ky 2  . p ky 2 1 q p b / b. Therefore, 1 q « / 1, and since k y 2 G m, 1 q
. p m« / 1 as desired.
 .  .This leaves only 4.3 to be faced. When p G 5 and G is reduced, 4.3 is
a consequence of the Freedman]Leptin Lemma. Unfortunately, when
 w x.p s 3 the equation is not even true for finite abelian 3-groups cf. 8 .
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 .However, in Hausen's paper, 4.3 is only used to find a group theoretic
k  .description of P l Fix p G in Aut G. Consequently, 4.3 can be modified
to suit our purpose by using Theorem 1.1 which provides another group
theoretic description of P l Fix pkG that is valid when p is greater than
or equal to 3.
The previous observations lead to the following definitions. Let G bep
the class of groups such that X g G if and only if for all k G 0, Xp
contains a unique maximal normal pk-bounded subgroup, denoted by
 .P X . According to Theorem 1.1, if p G 3 then Aut G g G . Denotek p
 .P Aut G as P , and restate the theorem ask k
4.6 P s P l Fix pkG. . k
We may now define the characteristic subgroups of Aut G whose factors
w xwill reveal the Ulm invariants of G. The definition is analogous to 4, 6.12 .
DEFINITION 4.7. Let X g G and let P be the maximal normal p-sub-p
Ã Ã .  .  .group of X. If P s 1, define C X s Z X ; otherwise, let C X s P ?0 0
Ã p ky 1  ..  .C P X . For k G 1 an integer, define C X s X if P s 1;X 1 k
if P p
ky 1
/ 1, let
ÃC X s P ? C P X ? C Z P X . .  .  . .  . .k X 1 X k
w x w  .  .A close inspection of 4 now shows that the proofs for 4, 4.10 , 5.1 ,
 .  .  .  .x  .6.3 , 6.9 , 6.13 , 6.14 are valid for p G 3 if we replace C G withk
Ã  .  .  . w xC G throughout, use 4.2 , Lemma 4.5, and 4.6 in place of 4, p. 11, 2.2 ,k
 . wand use our definition of P instead of P s V P as defined in 4, p.k k k
x11, 2.2 . This establishes Theorem 4.1.
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